Abstract. Let B , ! A be a module nite extension of normal domains. We show that if B , ! A is unrami ed in codimension one and if A has nite projective dimension over B then A is etale over B. Our proof makes use of P. Robert's New Intersection Theorem.
Introduction
In this paper we give a generalization of the purity of branch locus theorem. The classical purity of branch locus theorem says the following. Let R be a regular local ring and A a normal domain which is a module nite ring extension of R. If the extension R , ! A is unrami ed in codimension one, then it is unrami ed. Following Auslander Au], we say that purity holds for a normal domain R if given any nite extension , R , ! S with S normal, which is unrami ed in codimension one then S is unrami ed over R. Thus, the purity of branch locus theorem states that purity holds for regular local rings. Zariski, in Z] , gave a proof of this theorem in a geometrical context. A more algebraic proof, based on Chow's local Bertini theorem Ch], is due to Nagata N1] . Auslander Au] gave a di erent algebraic proof where he reduced the problem to a module theoretic statement. Grothendieck SGA2] calls a local ring (R; is an equivalence. Note that this concept of purity is weaker than Auslander's.
Grothendieck proved that complete intersections of dimension at least 3 are pure. Cutkosky Cu] showed that a much larger class of rings are pure. He also showed ( Cu], Theorem 5) that if R is a normal excellent complete intersection and if R , ! A is a nite extension which is unrami ed in codimension two and with A normal, then the extension is unrami ed (and hence etale, since over normal domains, unrami ed implies etale).
Gri th G2] gave examples of Gorenstein rings where purity does not hold, even when the extension is unrami ed at every non-maximal prime ideal.
The main result of this paper is: Theorem 2.1 Let B , ! A be a module nite extension of normal domains which is unrami ed in codimension one, and suppose A has nite projective dimension over B. Then A is etale over B.
Note that the base ring B is only assumed to be a normal domain. To compensate for easing the restrictions on B, we need to assume that A has nite projective dimension over B. In the classical case, when B is regular, this hypothesis on A is automatically satis ed.
Our proof uses generalizations of ideas in Auslander's proof and makes use of Robert's New Intersection Theorem R] .
In the rst section of this paper we list de nitions and results which are used in the proof of the main theorem. In section 2 we prove the main theorem and give an application related to rigidity of Tor. We also give an example showing that the theorem is sharp in the sense that if we drop the assumption of nite projective dimension then the extension ring need not even be Cohen-Macaulay (even if the base ring is a complete Gorenstein ring and the extension is unrami ed on the punctured spectrum).
Preliminaries
We brie y review some basic de nitions and results which will be used in the proof of the main theorem. Standard references are Matsumura Ma] becomes a functor from the category of A-modules to itself.
In Au], Auslander gives a module theoretic proof of the classical purity of branch locus theorem of Nagata N1] . He rst reduces the problem to the case of a normal extension. Then he uses the following module isomorphism: Lemma 1.12. Let B , ! S be a normal extension of normal domains with Galois group G = Gal(S=B) of order g = jGj. Then Hom B (S; S) ' S S g , where S g is a free S-module of rank g and by ' S we mean isomorphism as S-modules (the S-module structure on Hom B (S; S) is codomain induced).
In our situation, B , ! A is a module nite extension of normal domains which is not necessarily a normal extension. By passing to the normal closure B , ! A , ! S and using the above isomorphism, Borek Bor] In particular, when M is taken to be S, Ext i B (A; S) q = 0 for every q 2 Spec Bnfpg. Hence`B(Ext i B (A; S)) < 1 for every i > 0.
We now consider the B-modules Ext i B (A; S) for i > 0. Let Let m 2 Spec S be a maximal ideal lying over p. Localizing the complex L at m yields:
This is a complex of nitely generated free S m -modules such that H i ((L ) m ) = Ext i B (A; S) m (which is a nite length B-module by the above discussion) for i 0.
Our goal is to apply the new intersection theorem to a modi ed version of the complex (L ) m . Since i is just multiplication by the transpose matrix In the following examples we will show that Theorem 2.1 is sharp in the sense that it is false if we drop the condition of nite projective dimension, even if the base ring is a Gorenstein complete local normal domain.
Example 2.4. (see Fossum F] Example 16.5). Let A = k X 1 ; : : : X d ] be the polynomial ring in d variables (with d 2 ) over a eld k which contains a primitive n th root of unity, !, such that n is relatively prime to the characteristic of k. Let be the automorphism on A de ned by (X i ) = !X i and let G =< > be the cyclic group generated by . Then A G = B, the ring of invariants under G, is generated as a k-algebra by the monomials of degree n, and if n = d then B is Gorenstein (see Watanabe W] ). The extension B , ! A is unrami ed on the punctured spectrum of B, i.e. at every non-maximal prime ideal (see Bor], Section 5), but its not unrami ed since A is regular and B is not.
